D. Grant
The purpose of this paper is to generalize Gupta's result to analogous towers obtained from abelian surfaces. The techniques employed are a hybrid of those of Gupta and those of Coates and Wiles, including both conductor-discriminant calculations and formal groups.
The main obstacle to further progress is the inability to produce an analogue of elliptic units to relate to the special value of the L-function of A.
Let K be a totally imaginary quartic number field, and A a simple abelian surface defined over K with complex multiplication by the ring of integers of K. Such surfaces exist precisely when K is cyclic and ofclass number one. Let p be one of infinitely many suitably chosen rational primes such that (p)= p remains prime in K. In the field K, obtained by adjoining to K the p"-torsion of A there is a unique prime p, above p. Let Q be a point of infinite order in A(K), Q q~ pA(K), and L, (Q) the field obtained by adjoining to K, the p"-division values of Q. It is easy to show that there is an e = e(Q) such that Le(Q)/Ke is ramified while L,(Q)/K, is not for all 0 < n < e. Let (gp denote the p-adic integers of K.
The main results of this paper are the following theorems:
Theorem 1. The conductor of Le(Q)/K e is p2 or p~ 2-v+2.
Which of the two possibilities occurs depends on the coordinates of Q in the formal group on the kernel of reduction modulo ta of A completed over ~. This kernel is naturally an top-module, and contains a subgroup ~o(K) of finite index in
A(K). Using methods of transcendence, one can show that if the (PK-rank of A(K) is
at least 5, then the top-rank of ~'o(K)| is 2 (see the remarks at the end of Sect. 5). ~e2 where e i = e(Qi). In particular, every unit of K~t congruent to 1 modpe ~ is congruent to 1 modp2c Some of the results of this paper were contained in the author's Ph.D. thesis. The author takes this opportunity to record his thanks to his advisor, Harold Stark, for his continued encouragement and support, and to Kevin Coombes, for his valued counsel.
Notation. Let ElF be number fields, and p a prime of F. We let ~(E/F) and D(E/F) denote respectively the conductor and discriminant of E/F. We let d) r denote the ring of integers of F, Fp the completion of F at p, and (gv the integers of Fp. We let h(F) denote the class number of F.
Preliminaries
Throughout this paper, K will denote a number field satisfying: i) K totally imaginary, K/II) a quartic cyclic extension (1.1) ii) k(K)= 1.
Setzer has shown there are precisely seven such K [19] . Let K + denote the real quadratic subfield of K, a a generator of Gal(K/II)), and W the group of roots of unity of K. We have 2 cases:
Case I: I WI=2 Let U denote the units of d) x, and e be a fundamental unit in K +.
Lemma (1.3). i) h(K+)= 1, and NK+/~(e)= --1.
ii) every x ~ U is of the form we m, for some w ~ W,, and m e 7Z.
Proof. i) Since K+/II~ must be ramified at a finite prime, Lemma (1.2) implies that K/K + must be ramified at a finite prime. Since K/K + has no unramified subextensions, h(K+)lh(K) [23, p. 184] . Finally, if e had norm 1, then class field theory implies that there is a quadratic extension L/K § which is unramified at all finite primes. Hence LK/K would be a quadratic extension unramified at all finite primes, a contradiction since h(K)= 1 and K is totally imaginary. ii) In Case I, let ~ be a fundamental unit of K: we need only show it is real. But a(~)___ +__ ~-+ 1; hence a2(0 = 3. In Case II, this is a classic fact about cyclotomic fields [23, p. 3] .
We now briefly recall the terminology of the theory of complex multiplication. We will freely use the results of the theory as given in [7] .
D. Grant
We assume throughout this paper that A is an abelian variety of dimension 2 with principal complex multiplication by K. That is, we have an embedding
The action of i on the tangent space of A determines a CM-type 9 = {~bl, ~2}, where 4J1, ~b z are non-conjugate embeddings of K into I12. The only possible choices for 9 are 9 = {a~,aJ[0<i<j <3,j 4=i+ 2}.
(1.4) Associated to 9 is its type trace and type norm T~(x)= y. qS(x), N~(x) = l-I ~b(x), for x in K.
The reflex field K' of K is defined by if(l'r The reflex type @' of r is given by r {q~-l,q~fl} since K/if is Galois.
For a ~ K, let r denote (4 l(g), ~b2(a)) in C2. There is an analytic isomorphism
O: r A(~)
for some lattice a of K. Since the complex multiplication is principal, a is a fractional ideal of 6K. Let cg be a polarization on A. Then a basic polar divisor of ~ determines a
Riemann form E on C"/#(a) and a Rosati involution on End~(A). If i(K) is stable
under this involution, the Riemann form E is called #-admissible. If this is the case we say the triple (A, i, cg) is of type (F, q0, ct, E) with respect to 0.
We say that (A, i, c~) is defined over L whenever A, i((_9x), and cg are. If (A', i', ~') is of type (K, ~', a', E'), then a homomorphism of (A, i, cg) into (A', i',cg ') is a homomorphism of A into A' which commutes with the actions of i and i', and such that the pullback of cg, is contained in cg.
The group Aut(A, i, cg) is finite, and equal to i(W). Proof. i) Since K/if is Galois, [7, p. 13] states that A is simple if and only if the only z e Gal(K/if) such that ~z = 9 is z = 1. It is easy to verify that all the CM-types in (1.4) have this property.
iii) This is automatic for A simple [7, p. 20 (1) , the Hilbert class field of K' [7, p. 137] . But K'= K, which has class number one.
From now on we shall assume that (A, i, cd) is of type (K, ~, a, E) and defined over K.
Fields of Division Values
Let p-= 5(rood6) be a rational prime such that: i) p =pCgK is a prime of (9 K, ii) A has good reduction at p, and iii) p is prime to the degree d of the polarization c~.
In Case II when K = ~(eZ"~rs), we further demand that p = 7 or 18 mod25. In either case, there are infinitely many such p. Our goal is to study the fields K, obtained by adjoining the p"-torsion of A to K.
We denote the units of (gx congruent to 1 modp" by U,, and the residue field at p by k. We write the action of ~ e (9~ on a point Q of A as i(a) (Q) = a * Q.
For n> l, let Apn denote the points of order p" on A, A(")= 0 Ap,, and Tp = lim Avn, the Tate module. There is a canonical injection
where a(t) = ~ * t for all t in Tp. Since K' = K is of class number one, the main theorem of complex multiplication [7, p. 103 ] tells us that the image of the Galois group is precisely N~,(6~). Since N~,(U,)~ U., we find Therefore, changing our choice of generator of Gal(K/Q) if necessary, we can assume without loss of generality that @'= {1, a}.
Lemma (2.2). The kernel of N~,, :((,gK/p") • ~((gK/p") • is a subgroup of order p"-~(p+l).
Proof We proceed by induction. For n = 1, we can identify (9~p = k with nzp, and For n > 1, consider the projection
First we compute the kernel of n. Let a s CJp ~ be such that aaa-lmodp ~ and a=l+bp"-lmodp" forsomeb~Ox/p.
so b+ab=O. Therefore ab+a2b=O, and a2b=b. Hence we have a bijection between the kernel ofn and the kernel of Tr(Fp2/~p), which is of order p. It remains to be shown that n is surjective. We need the following lemma:
Proof. This is a restatement of HI(G, Fp4)= 0.
Now to show that n is surjective, we need to show that if
for a e (9~/p", then there is a d e (9~/p such that (a + dpn-1)a(a + dp"-l)-I modpn.
But this holds if and only if
Note that the identity
implies b-ab+aZb-a3b=Omodp, hence by Lemma (2.3), b=c+r for some c ~ (9r,/p. Let a be the image of a in •K/P. As before, ~iaa = 1 implies a2~ = ~i, so we can take d = -clara.
Coronary (2.5). Gal(KJK) has order pan-3(p3 _pZ + p_ 1). The Kummer variety V of A is the quotient of A by Aut(A, i,c~)=i(W).
Let h : A--* V be the natural projection. The following is a main result from the theory of complex multiplication which simplifies considerably in light of Proposition (1.5).
Lemma (ZoO [7, p. 138]. The field En=K(h(Ap.)) is a class field over K of conductor dividing p". Its Galois group over K is isomorphic to I(p)/H(p"), where I(P) is the group of fractional ideals prime to p, and H(p ~) consists of those ideals ~ prime to p such that:
iii) fl--1 modp".
Corollary (2.7). 1) The group H(p") consists of ideals (ct) such that:
~o-ct_--wmodp", for some w~ W.
2) GaI(KJE,)~ W.
Proof 1) Suppose ~ e H(p"). Then M = (~), for some ~ e OK, so i) implies cttr~ = weifl for some w ~ W; ii) implies i= 0, so iii) implies cttrct = w modp".
2) By Lemma (1.3), N~,(U)= W, so the choice of the generator ~ is irrelevant. Also, since W injects into (9/p", we see that the kernel of the projection
An important observation is that since K is totally imaginary and of class number one, E, is totally ramified over K. We will let ~, denote the unique prime of E, over p. Set Eo = K.
Lemma (2.8). If K c_ L c_ E, and ord~(f(EJK)) < i, then L c= Er
Proof It suffices to show this for i=n-1. For n= 1, the result is immediate because K has no unramified abelian extensions. For n> 1, the class group H belonging to L/K via class field theory contains those (a) such that aaa =-w modp" for some we W, as well as those for which a-1 modp"-1. We seek to show it contains all (a) with aaa=-wmodp "-1 for some we W. But for such an a, aaa-w + bp"-1 modp" for some b ~ (PK/P 9
And by the identity (2.4),
Hence by Lemma (2.3), b/w = c + ac for some c ~ 6K/p. Setting d = 1 + cp"-1 rood p", we have (d) and (ad) in H. Since
Lemma (2.9 So by the conductor-discriminant formula,
since EI/K is totally ramified. However, 
Formal Groups
Let d = A x sp~c (r)Spec(Kp), and N(~r be the Nrron model of ~. The kernel of reduction of ~' modulo p is the formal group functor ~1o over Spec((9,) defined by:
where R is any (gp-algebra.
Since N(~r is smooth, d o is represented by a two-dimensional formal group law ff over (gp. If R is any (9~-algebra, we let if(R) denote the R-points of ft. In particular, if L is any extension of K~ whose ring of integers has maximal ideal m, then
Specifically, if we take local parameters at the origin, tt, t 2, we can write the isomorphism as
do(L) ~ u~-~(t l(u), t2(u)) ~ m x m .
Then the formal group law + ~ is given by Set S + = {~ e S I ~(0, 0) = 0}, and let 6 = (6 ~, 62), where ~ ~, 62 ~ S +. We get a map 6:S + x S + -oS + x S + by 6(f, g)= (~5 ~(f, g), ~2(f, g)). Recall that ~ is invertible if and only if the determinant of thejacobian matrix jac(6) is a unit in d~p. We let T denote the group of all such invertible 6.
Our choice of fi is not unique. Indeed we will soon replace .~ with an isomorphic formal group law which it is more convenient to work with. 
P,q [;] =a-'EP]" Ls2m)j [aps,(u) + bps2(u) + s,(u) v= + P(d ~ >
By symmetry, there are only two cases to rule out: p, ,q
Case (i)
.
Case(ii).Sayord,~(sl(u))=ord,,(s2(u))=m. Sincela c bd] is invertible, either 1) ordp,(asl(u) + bs2(u)) = m,
[;] However, this is impossible since we have been assuming all along that p-2 mod3. Therefore k = 0, ordp, (s t(u)) = 1, and ordpl (SE(U)) = p2 _ p + 1.
Remark. This is the only place where we need p --2 mod 3. The results of this paper hold equally well for primes p-1 mod 6 which remain prime in K, are prime to the degree of the polarization, and at which A has good reduction, so long as they are not of the form k 2 + k + 1.
The Tower
Suppose now that the (.0K-rank ofA(K)is positive. Let Q = Q0 be a point of infinite order in A(K) which does not lie in pA(K). There is an integer 2 prime to p such that Z * Q e ,~/0, so we will assume that Q s ~o-Choose Q, e A(K) recursively so that P Proof.. When n = 1, Ribet [9] gives a sufficient criterion for the lemma to hold, which reduces in our case to Our goal is to calculate the conductor ~(Z) for all Z z char(n). By the following lemma, we know that ~(Z) must be a power of p,.
Lemma (4.5). L.(Q)/K. is unramified outside p,.
Proof Since p. is the unique prime of K. over p, this follows from Corollary (2. is an isomorphism for all i=>0 [17] . ii) The proof uses Sah's lemma [15] and Corollary (2.5) and is easily adapted from either [2] or [4] . 
Lemma (4.7). Let e be the smallest integer such that Q ~ ~te(Kp). i) For 1 < n < e, p, splits completely in L.(Q). ii) L,(Q)/Ke is ramified over p~.

Proof f(Le(Q)/Ke)=gcd(f(Z)).
We will let f(Q) denote the common value ordp,(f(Z)) = ordpo(f(Le(Q)/Ke)). The next section is devoted to calculating f(Q). 
Conductor Calculations
Proposition (5.1).
2(p 4-1)
Proof. From (3.9I) and (3.9n) we have
Case ( A ). For i = 1, 2, let Pi be of infinite order in A(K), Pir pA(K). For some 2 i in C x prime to p, 3~ * P~ ~ ~r and so we will assume that P~ ~ ~r Note that (4.6) gives Jo the structure of an Cp-module.
For Theorem 2, we suppose that the P~ are C~.-independent.
For each P ~ ~r we let l(P) denote its level in the filtration (4.6). That is, I(P) = i if P is in M~ (K~) but not in ~r ~(K~). Renumbering if necessary, we may assume l(P O < /(P2). 
Since P~ and P2 are independent over 6p, the process (5. Remarks. 1) Similarly, from (4.9) we see that f(Q2)=p2_p + 2 implies that every p2-p+l modPe 2 unit u of Ke2, with u = 1 modp~ , actually satisfies u = 1 p2-p+ 2 2) Spurred by visions of a generalized Leopoldt's conjecture, one might hope that the Cx-rank of A(K) being at least 2 would be sufficient to insure that the O~-rank of ~r174 (gp were 2 (see [22] ). From Waldschmidt's work we can derive a weaker claim: If the CK-rank of A(K) is at least 5 then the Cp-rank of,~Co(K)| is 2.
R t = (aP t(P")-t(el)
)
R2 =(ypt(P.}-l(PO). P1 +6 * P.,
Fix a logarithm map, log:~go(Kp)~Ta(Kp) into the tangent space of ~r (considered as column vectors). Then since ~r is simple, Waldschmidt [22] has shown that if Q~, with 1 < i < 5, in ,fr0(K) are Z-independent, then the K~-rank of To prove the claim, suppose to the contrary that we have 5 tPr-independent points Qi in do(K) which have r 1 in ~r Since ep = (gKZ p, we can assume the Qi were chosen to have Zp-rank 1. But since complex multiplication by elements of Z~, act via diagonal matrices on T~(Kp), this violates Waldschmidt's result.
